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Generalized continuum models confronted to
cell-commensurate instabilities in structured media

Christelle Combescure ∗ 1,2

1 Centre de recherche des écoles de Saint-Cyr Coëtquidan [Guer] – Ecoles de Saint-Cyr Coëtquidan
[Guer] – France

2 Institut de Recherche Dupuy de Lôme – Université de Bretagne Sud, Université de Brest, École
Nationale Supérieure de Techniques Avancées Bretagne, Centre National de la Recherche Scientifique :

FRE3744 – France

This work focuses on the ability for two generalized continuum models to capture mesoscale
cell-commensurate instabilities in structured media using a very simple base model.
Indeed, [1] have shown that a periodic arrangement of atoms, linked by complex interactomic
potential could lead to short-wave commensurate and incommensurate instabilities and [3]
proposes a quasi-continuum model based on strain gradients able to capture both long and
short wavelength instabilities. On the other hands, using non-linear springs, [2] studied the
ability of a strain-gradient model to capture long wavelength instabilities. As a consequence,
the example of a periodic arrangement of non-linear springs, as presented in Fig.1a) below has
been proposed. This simple example has been shown to display both long and short-wavelength
instabilities depending on the values of the model’s non-linear parameters (Fig.1b)).
Two generalized media have been compared: micromorphic and second order strain-gradient
media. It is thus shown that the short-wavelength bifurcation points can only be captured by a
micromorphic-type medium while the long-wavelength bifurcation points are captured by both
models. This concludes that if short-wavelength instabilities are possible, micromorphic-type
media are more appropriate to describe, in a continuous way, the buckling of the mesoscopic
stucture.

∗Speaker
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Buckling analysis of beam-like structures

Francesco D’annibale ∗ 1, Manuel Ferretti 1

1 DICEAA, University of L’Aquila – Italy

In this paper, an homogenized beam model is formulated for buckling analysis of periodic
micro-structured beams, uniformly compressed. These are planar grid beams, whose micro-
structure consists of a square lattice of equal fibers. The equivalent beam model is derived in the
framework of a direct one-dimensional approach and its constitutive law, including the effect of
prestress of the longitudinal fibers, is derived through a homogenization approach. Accordingly,
micro–macro constitutive relations are obtained through an energy equivalence between a cell
of the periodic structure and a segment of the homogenized beam. The model also accounts for
micro-warping of the micro-structure, via the introduction of elastic and geometric corrective
factors of the constitutive coefficients. The buckling behavior of sample grid beams is presented
to validate the effectiveness and limits of the equivalent model. To this purpose, results supplied
by the exact analyses of the equivalent beam are compared with those given by finite element
models of the planar grid beams.

∗Speaker
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Multi-scale design of an architected composite structure with
optimized graded properties

Arnaldo Casalotti ∗ 1, Francesco D’Annibale 2, Giuseppe Rosi 3

1 University of L’Aquila (univaq) – Piazzale Ernesto Pontieri 1, 67100 Loc. Monteluco, L’Aquila, Italy
2 University of L’Aquila – Italy

3 Modélisation et Simulation Multi-Echelle (MSME) - UMR 8208 – Université Paris-Est Créteil
Val-de-Marne (UPEC) – France

A design framework is here presented for the development of an architected solid with tar-
geted mechanical properties thanks to an optimized porosity distribution. A 2D lattice of regular
hexagons is considered as core element of a sandwich panel and a Bloch-Floquet-based ap-
proach is adopted to derive homogenized equivalent properties. The density distribution of the
equivalent continuum is taken as objective function to be minimized in the optimization process.
To this end, suitable constraints are designed to avoid empty regions and ensure a minimized
density where required by the mechanical actions. A de-homogenization process is carried out
on the optimized equivalent continuum to derive the configuration of regular hexagons with op-
timally varying wall thickness. Static and buckling responses of the optimized architected solid
are compared with that of a 2D continuum whose material density distribution is determined
through a classical topology optimization. It is shown that the architected 2D solid can absorb
higher strain energy, with respect to classically optimized structures, which suffer a buckling-
driven collapse below the elasticity threshold. The architected solid is also shown to have an
improved energy absorption capability, that may increase considerably its performance, depend-
ing on the ductility of the adopted material. Casalotti, A., D’Annibale, F. & Rosi, G. Multi-scale
design of an architected composite structure with optimized graded properties. Compos Struct
252, 112608 (2020).
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Mechanical metamaterials with local inertia amplification:
analytical spectral design

Marco Lepidi1, Valeria Settimi2, Andrea Bacigalupo1

1 DICCA - Università di Genova, Italy
E-mail: Marco.Lepidi@unige.it, Andrea.Bacigalupo@unige.it
2 DICEA - Università Politecnica delle Marche, Ancona, Italy

E-mail: v.settimi@staff.univpm.it

Abstract: Architected metamaterials yielding superior dynamic performances can be conceived
by realizing local mechanisms of inertia amplification in the periodic microstructure [1]. A pe-
riodic cellular waveguide characterized by an intracellular pantograph mechanism is considered
as minimal physical system simulating an inertially amplified metamaterial [2]. A discrete tetra-
atomic model is formulated to describe the undamped free dynamics of the cell microstructure.
The ordinary differential equations of motion feature quadratic and cubic inertial nonlinearities,
induced by the axial indeformability of the pantograph arms connecting the principal massive
atoms with the secondary massive atoms, serving as inertial amplifiers. The transfer matrix of
the linearized model is considered to describe the free propagation of small-amplitude harmonic
waves. First, the band structure of the complex-valued dispersion spectrum is determined ana-
lytically, by properly exploiting the formal (time-to-space) analogy with the Floquet Theory for
the stability of non-autonomous dynamic systems (direct problem). Second, a spectral design
problem is stated and solved by inverting analytically the functions expressing parametrically
the boundaries separating attenuation (stop) and propagation (pass) bands in the frequency spec-
trum (inverse problem). The inverse problem solution provides the mechanical parameters of
the inertially amplified metamaterial possessing a desired band structure, assigned according to
functional design requirements [3]. The existence and uniqueness of the solution in the admis-
sible range of mechanical parameters is discussed. The discussion provides (i) mathematical
demonstration for the existence of feasible design solutions or multi-solutions, (ii) complete
definition of the physically realizable band structures in the frequency domain, and (iii) al-
ternative criteria to design iso-band structured metamaterials within the admissible domain of
mechanical parameters. Different metamaterials purposely designed to satisfy functional or
even extreme spectral requirements are finally presented.

References
[1] Taniker, S., Yilmaz, C. (2015). Design, analysis and experimental investigation of three-

dimensional structures with inertial amplification induced vibration stop bands. Interna-
tional Journal of Solids and Structures, 72, 88-97.

[2] Settimi, V., Lepidi, M., Bacigalupo, A. (2021). Nonlinear dispersion properties of one-
dimensional mechanical metamaterials with inertia amplification. International Journal
of Mechanical Sciences, 201, 106461.

[3] Settimi, V., Lepidi, M., Bacigalupo, A. (2021). Analytical spectral design of mechanical
metamaterials with inertia amplification. submitted.
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Mechanical metamaterials with local inertia amplification:
nonlinear dispersion properties

Valeria Settimi ∗ 1, Marco Lepidi 2, Andrea Bacigalupo 2

1 DICEA - Polytechnic University of Marche – Italy
2 DICCA - University of Genoa – Italy

Architected metamaterials yielding superior dynamic performances can be conceived by real-
izing local mechanisms of inertia amplification in the periodic microstructure [1]. A periodic
cellular waveguide characterized by an intracellular pantograph mechanism is considered as
minimal physical system simulating an inertially amplified metamaterial [2]. A discrete tetra-
atomic model is formulated to describe the undamped free dynamics of the cell microstructure.
The ordinary differential equations of motion feature quadratic and cubic inertial nonlinearities,
induced by the axial indeformability of the pantograph arms connecting the principal massive
atoms with the secondary massive atoms, serving as inertial amplifiers. Nonlinear dispersion
properties governing the free undamped propagation of harmonic Bloch waves have been in-
vestigated by means of a general asymptotic approach in absence of internal resonances [3].
Particularly, the multiple scale method up to the third order is adopted to analytically determine
the nonlinear functions relating dispersion properties (wavefrequencies and waveforms) and os-
cillation amplitude of the propagating wave. Specifically, the nonlinear wavefrequencies and
waveforms are determined as analytical closed-form functions of the parameters, quadratically
depending on the oscillation amplitudes. The acoustic and optical frequencies exhibit the typi-
cal softening behavior caused by dominant cubic nonlinearities in inertially nonlinear systems,
even if hardening acoustic frequencies can be identified in particular regions of the parameter
space. The invariant manifolds associated with the nonlinear acoustic and optical waveforms
show synclastic or anticlastic distortions of the linear (planar) manifolds in the space of prin-
cipal coordinates. Validation of the analytical outcomes is performed by directly integrating
the nonlinear equations of wave motion for different initial conditions. The obtained numerical
solutions are shown to lie on the manifold surfaces with fine qualitative and quantitative ap-
proximation, confirming the goodness of the analytical approach.
References
[1] Taniker, S., Yilmaz, C. (2015). Design, analysis and experimental investigation of three-
dimensional structures with inertial amplification induced vibration stop bands. International
Journal of Solids and Structures, 72, 88-97.
[2] Settimi, V., Lepidi, M., Bacigalupo, A. (2021). Nonlinear dispersion properties of onedi-
mensional mechanical metamaterials with inertia amplification. International Journal of Me-
chanical Sciences, 201, 10646 [1]
[3] Lacarbonara, W., Camillacci, R., (2004). Nonlinear normal modes of structural systems via
asymptotic approach. International Journal of Solids and Structures, 41(20), 5565–559 [4]
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Parameter Identification and Investigating the Effect of Higher-

order Inertia in a Gradient Elasticity Model of Metamaterials in 

Dynamic Loading 
 

Navid Shekarchizadeh1, Alberto Maria Bersani2 
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Italy 

E-mail: navid.shekarchiadeh@uniroma1.it 

2 Department of Mechanical and Aerospace Engineering, Sapienza University of Rome, Rome, Italy 
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Abstract: In metamaterials with a complex microstructure, the role of higher-gradient terms in the 

mechanical response is not negligible. Here, our goal is to identify the parameters of a homogenized 

model for a type of metamaterials known as pantographic structures. For the description of the 

pantographic structure, we employ a 2D non-linear second-gradient model which considers the 

complex structure as a homogenized plate [1]. The parameters of the model are identified for the 

corresponding structure through an automatized optimization algorithm [2]. We validate the 

identified parameters for the dynamic regime by comparing displacement plots with experiments [3].  

Experimental results are obtained by applying forced oscillations to pantographic specimens made 

by 3D-printing technology. Qualitative and quantitative analyses for different frequency ranges show 

a good agreement far away from the eigenfrequencies while discrepancies are present close to the 

eigenfrequencies. To investigate the effect of microinertia, we include higher-order inertia in the 

model. As a result, the computations moved favorably toward predicting the mechanical behavior 

close to the eigenfrequencies. However, the experimental characterization of higher-order inertial 

terms that exist in theories is not yet understood, therefore there is no clear methodology for 

determining their values up to now. Further studies in this direction are encouraged. 

 

 

References 

 

[1]  dell’Isola, F., Giorgio, I., Pawlikowski, M., and Rizzi, N.L. (2016). Large deformations of planar 

extensible beams and pantographic lattices: heuristic homogenization, experimental and numerical 

examples of equilibrium. Proceedings of The Royal Society A: Mathematical, Physical and 

Engineering Sciences. 472(2185), 20150790  

 

[2] Shekarchizadeh, N., Abali, B.E., Barchiesi, E., and Bersani, A.M. (2021). Inverse analysis of 

meta-materials and parameter determination by means of an automatized optimization problem. 

ZAMM Journal of Applied Mathematics and Mechanics. 101(8), e202000277 

 

[3] Shekarchizadeh, N., Laudato, M., Manzari L., Abali B. E., Giorgio, I., and Bersani, A. M. (2021) 

Parameter identification of a second-gradient model for the description of pantographic structures in 

dynamic regime, Zeitschrift f¨ur angewandte Mathematik und Physik, 72(6):p. 190 
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Elastic wave propagation in structured plates

Diego Misseroni1, Alexander B. Movchan2, Davide Bigoni1
1 Department of Civil, Environmental and Mechanical Engineering, University of Trento,

Trento, Italy
E-mail: diego.misseroni@unitn.it

2 Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, UK

Abstract: A novel concept is introduced and tested for the reduction of the scattering by faults
in a flexural lattice. The majority of the relevant published work is based on the so-called
“cloaking transformation”, based on the idea, which initially came from electromagnetism and
optics and linked to the Maxwell system of equations or, in special cases, to the Helmholtz
equation [1]. In the present work, we address an elastic system and apply a different principle
concerning reinforcement of the boundary and redistribution of mass [2]. We demonstrate that
this approach, which is simple in nature, enables one to significantly reduce the coefficients in
the multipole expansion of the scattered field. Accurate numerical simulations and quantitative
analysis of the scattered fields for ‘cloaked’ and uncloaked faults are provided.

References
[1] Schurig, D., Mock, J.J., Justice, B.J., Cummer, S.A., Pendry, J.B., Starr, A.F., and Smith,

D.R. (2006). Metamaterial electromagnetic cloak at microwave frequencies, Science, 314,
977980.

[2] Misseroni, D. Movchan, A.B., and Bigoni, D. (2019). Omnidirectional flexural invisibility
of multiple interacting voids in vibrating elastic plates, Proc. R. Soc. A., 20190283
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Design of a lattice plate for attenuation and guiding of elastic
waves

Giulia Aguzzi ∗ 1, Andrea Colombi 1, Eleni Chatzi 1

1 Institute of Structural Engineering (IBK) - ETH Zürich – Switzerland

Lattice structures are periodic reticulated structures, featuring a cellular architecture stem-
ming from a network of beams that exhibit peculiar dynamic behaviors [1]. These have proven
capable of filtering waves at selected frequency components, known as bandgaps, thus imped-
ing their propagation and facilitating the control of their trajectories. Motivated by the growing
deployment of lattices in dynamic applications, in this work we numerically investigate the
potential of the renowned octet topology [2] and unravel the physics underpinning its atten-
uation zone. The band structure of this cell [3], computed numerically upon fulfilling Bloch
periodicity, unveils a local resonance bandgap tied to the bending resonance of its struts. We
leverage the revealed mechanism to design a lattice-based plate equipped with two metadevices
for wave mitigation and control, respectively metabarrier and metalens, generated by supple-
mentary masses embedded in the midpoint of the octet struts [4]. We further rely on time-
transient simulations to analyze the propagation of flexural waves across the finite plate and
corroborate the performance of the engineered devices. The metabarrier allows for protecting
a circumscribed region by reflecting the impinging waves with frequency content matching its
stop band and preventing their transmission along the plate. The design of the lens, seemingly
more complicated, originates from the spatial grading of the masses. This gradual variation
tailors the phase velocity of waves traveling within the lattice-based device and shapes their tra-
jectory, eventually steering them toward a specific focal point. The findings of this study reveal
the potential of octet lattices in vibration isolation applications, energy harvesting, and focusing
and lay the foundation for further in-depth analyses, for instance, including nonlinear effects.
References [1] Phani, A.S., Woodhouse, J. and Fleck, N. A. (2006). Wave propagation in
two-dimensional periodic lattices. The Journal of the Acoustical Society of America. 119, 4:
1995-2005
[2] Deshpande, V. S., Fleck, N. A. and Ashby, M. F. (2001). Effective properties of the octet-
truss lattice material. Journal of the Mechanics and Physics of Solids. 49, 8 :1747-1769.
[3] Arya, M. and Steeves, C. A. (2011). Bandgaps in octet truss lattices. Proc. of the 23rd
Canadian Congress on Applied Mechanics, Vancouver, Canada. 471-474
[4] Aguzzi, G., Kanellopoulos, C., Wiltshaw, R., Craster, R. V., Chatzi, E. N. and Colombi, A.
(2022). Octet lattice-based plate for elastic wave control. To be submitted.
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Oscillatory configurational forces

Francesco Dal Corso1, Panagiotis Koutsogiannakis1, Diego Misseroni1,
Theodosios Papathanasiou2, Davide Bigoni1

1 Department of Civil, Environmental and Mechanical Engineering, University of Trento,
Trento, Italy

E-mail: francesco.dalcorso@unitn.it
2 College of Engineering and Physical Sciences, Aston University, Birmingham, UK

Abstract: Eshelby introduced the concept of configurational forces to motivate the change in
the defects position within a solid [3]. Over the last decade, this framework has been extended
to the mechanics of structures by showing that frictionless sliding sleeves may provide at their
exit an ‘Eshelby-like’ force parallel to the sliding direction [1, 2].

The effect of oscillatory configurational forces is analyzed during the fall of a rod constrained
by a sliding sleeve subject to a periodic motion. Time evolution of the system is achieved
through numerical integration by means of an in-house Finite Element solver. The dynamic
response can be distinguished in three qualitatively different behaviours: (i.) a final complete
injection; (ii.) a final complete transverse ejection; and, unexpectedly, (iii.) a steady small am-
plitude oscillation in the absence of a final injection or ejection of the rod.

Acknowledgements
The authors gratefully acknowledge financial support from the European Union’s Horizon2020
research and innovation programme under the Marie Sklodowska-Curie grant agreements ‘IN-
SPIRE - Innovative ground interface concepts for structure protection’ PITN-GA-2019-813424-
INSPIRE and ‘LIGHTEN - Ultralight membrane structures towards a sustainable environment’
H2020-MSCA-ITN - 2020-LIGHTEN-956547. Funding from the Italian Ministry of Educa-
tion, University and Research (MIUR) in the frame of the “Departments of Excellence” grant
L. 232/2016 is also acknowledged.

References
[1] Armanini C., Dal Corso F., Misseroni D., Bigoni D. (2019). Configurational forces and

nonlinear structural dynamics. J. Mech. Phys. Sol., 130, 82-100.

[2] Bigoni D., Dal Corso F., Bosi F., Misseroni D. (2015) Eshelby-like forces acting on elastic
structures: theoretical and experimental proof. Mech. Mater., 80, 368–374.

[3] Eshelby J.D. (1956). The continuum theory of lattice defects. Solid State Phys., 3.C,
79–144.
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On the geometrically exact nonlinear hyperelastic and hypoelastic 
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Abstract: This study investigates several granular interaction laws used in the modelling of discrete 
granular media and the static response of a small assembly of 4 identical grains (diamond pattern). 
In the considered model, each grain interacts with its neighbour with a coupled shear-normal 
interaction law. The analysis is performed in a geometrically exact framework allowing large 
rotation and displacement evolutions, without any geometrical approximations (see also [1] for the 
granular elastica problem). It is shown that most of the granular interaction laws available in the 
literature are classified as hypoelastic interaction laws [2], [3] (such as the initial interaction models 
of Serrano and Rodriguez-Ortiz, 1973 or the popular model of Cundall and Strack, 1979 which 
gives birth to Particle Flow Codes). The interaction is weakly hypoelastic if an integral form exists, 
whereas it remains strongly hypoelastic when only an incremental formulation is available. 
Hyperelastic interaction laws may be also considered, that avoid possibly artificial dissipation 
(model of McNamara et al [4] or model of Turco et al [5]). We also show that along specific 
loading paths for which the normal and tangential laws are uncoupled, is the behaviour hyperelastic 
for all the studied models. For the three types of interactions, the modes of instability are then 
characterized for large displacement of the diamond pattern. We discuss the discrepancies between 
each granular model during the deformation process of some displacement-based loading tests.  
 
References 
 
[1] Challamel, N. and Kocsis, A. (2021) Geometrically exact bifurcation and post-buckling analysis of the granular 
elastica, Int. J. Non-linear Mech., 136, 103772, 1-15. 
 
[2] Truesdell C. (1955) Hypoelasticity, J. Rational Mech. Anal., 4, pp. 83-133, 1955. 
 
[3] Lerbet J., Challamel N., Nicot F. and Darve F. (2018) Coordinate free nonlinear incremental discrete mechanics, 
Zeischrift für Angewandte Mathematik und Mechanik, 98, 10, 1813-1833, 2018. 
 
[4] McNamara S., Garcia-Rojo R. and Hermann H.J. (2008) Microscopic origin of granular ratcheting, Physical Review 
E, 77, 031304, 1-12, 2008. 
 
[5] Turco E., dell’Isola F. and Misra A. (2019) A nonlinear Lagrangian particle model for grains assemblies including 
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The Dynamics of a granular based elasto plastic damage
model in the strain gradient formulation

Luca Placidi ∗ 1, Emilio Barchiesi 2,3, Francesco Dell’isola 2, Maksimov Valerii , Anil Misra 4,
Nasrin Rezaei 1, Angelo Scrofani 5, Dmitry Timofeev 5

1 International Telematic University Uninettuno – Italy
2 International Research Center for the Mathematics and Mechanics of Complex Systems. Università

degli Studi dell’Aquila. L’Aquila, Italia. – Italy
3 École Nationale d’Ingénieurs de Brest – École Nationale dÍngénieurs de Brest, Ecole Nationale

d’Ingénieurs de Brest – France
4 The University of kansas – United States

5 International Research Center for the Mathematics& Mechanics of Complex Systems – Italy

We illustrate a continuum theory for materials having granular microstructure, accounting
for tension–compression asymmetry of grain interactions and for dissipative phenomena like
damage and plasticity. The dynamics is numerically evaluated and the results show interesting
damage and plastic induced anisotropy evolution including the emergence of a type of chiral
behavior and formation of finite localization zones. Besides, loading–unloading histories have
been considered to elucidate the material hysteretic features of the continuum. We also assess
the competition between damage and plasticity, each having an effect on the other. Further, the
evolution of the load-free shape is shown not only to assess the plastic behavior, but also to
make tangible the point that, in the proposed approach, plastic strain is found to be intrinsically
compatible with the existence of a placement function.
In particular, the continuum description is constructed by assuming expressions of elastic and
dissipation energies as well as postulating a hemi-variational principle, without incorporating
any additional postulates like flow rules. Granular micromechanics is connected kinematically
to the continuum scale through Piola’s ansatz. Mechanically meaningful objective kinematic
descriptors aimed at accounting for grain–grain relative displacements in finite deformations
are proposed. Karush–Kuhn–Tucker (KKT)-type conditions, providing evolution equations for
damage and plastic variables associated with grain–grain interactions, are derived solely from
the fundamental postulates.
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Piola Transformations and contact interactions for Second
Gradient Continua and some related remarks on history of

mechanics

Francesco Dell’isola ∗ 1

1 International Research Center for the Mathematics and Mechanics of Complex Systems. Università
degli Studi dell’Aquila. L’Aquila, Italia. – Italy

The recently obtained Piola transformations for second gradient continua are presented.
They prove that edge and surface contact forces in Lagrangian description do not depend only
on their Eulerian counterparts but also
on Eulerian contact double forces.
A careful discussion about the limited validity of so-called Cauchy postulate for stress induces
some remarks on
relevant aspects of history of mechanics and in particular on the development of the concepts of
force, stress and couples.
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Variational formulation for the form finding of light-weight
structures

Massimo Cuomo ∗ 1, Leopoldo Greco

1 Università di Catania – Italy

In this work a new variational principle for the form finding of membranes and cable nets is
presented. In the case of minimal surfaces the principle offers the interpretation of a minimal
surface, as an equilibrium surface with a vanishing Elsheby stress tensor.
The proposed approach generalizes the force density method presenting a non singular Hessian
at the optimal solution. Application to metamaterials is one of the scope of the research
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On the constitutive assumptions for the recombination term
for the R-D-D equations for scintillators

Fabrizio Davı́
DICEA&ICRYS, Universitá Politecnica delle Marche, Ancona, (on leave at IMT-School for

Advanced Studies, Lucca), Italy
E-mail: davi@univpm.it

Abstract: The evolution equations for inorganic scintillators (which converts ionizing radia-
tions into visible light) were obtained in [1] (see also [2], [3]): they are Reaction-Diffusion-
Drift equations, coupled with the Poisson equation of electrostatics and Neumann boundary
conditions, in terms of the m-dimensional charge carriers vector n ≡ (n1 , . . . nm):

div(D[∇n] +MN [q ⊗∇ϕ]) + r(n) = ṅ , (1)
−ε∆ϕ = eq · n ,

here D and M are the m ×m diffusivity and mobility semi-positive definite matrices, N(n) =
diag(n1 , . . . nm), ϕ is the electric potential, ε the permittivity of the crystal, e the elementary
charge, q ∈ Zm the charge numbers vector and finally r(n) the recombination term which
accounts for the visible photons production. Equation (1)1 was obtained by the means of a
microstructured continuum model, in the sense of [4], where the rate-of-change of the m- di-
mensional director is the scintillation potential g(n) = eqϕ(n) + F (n), where F (n) > 0 is a
term of entropic nature.

Here we shall deal with various constitutive assumptions for the recombination term r(n) and
show how, when F (n) is the Gibbs-Boltzmann entropy, we can recover the cubic polynomial
expression used e.g. in one of the few previous existing phenomenological models [5]. Further
we shall how a polynomial representation can be obtained as a limit of a Markov process and
also explore the instance in which F (n) is represented instead by the Fermi-Dirac potentials.
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[1] Davı́, F. (2019). A continuum theory of scintillation in inorganic scintillating crystals. Eur.

Phys. J. B, 92:16.

[2] Davı́, F. (2020). Scintillating Crystals as Continua with Microstructure, in B.E. Abali and
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Springer Verlag, Berlin.
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A non homogeneous Timoshenko beam subject to the effects
due to a diffusion of a fluid

Angelo Scrofani ∗ 1, Emilio Barchiesi , Bernardino Chiaia , Anil Misra , Luca Placidi

1 International Research Center for the Mathematics& Mechanics of Complex Systems – Italy

A variational method for a non homogeneous Timoshenko beam with the inclusion of the
phenomenon of the diffusion of a fluid is proposed. The axial and bending cases have been
analyzed.
In addition to the classic kinematic descriptors, such as the axial displacement w, the transversal
displacement u and the rotation theta of the section, also the concentration c of the fluid inside
the beam has been considered.
The proposed assumption for the elastic strain energy implies the defnition of: (i) the duals, dis-
tributed (bˆ{ext} c ) and concentrated (Fˆ{ext} c0 and Fˆ{ext} cL ), of the descriptor c = c(X;
t), (ii) the diusion stiffness K {DIF} , (iii) the fluid elasticity K F , (iv) the axial-fluid stiffness
interaction K {FN}, (v) the shear-fluid stiffness interaction K {FT} and (vi) the bending-fluid
stiffness interaction K {FM}.
The dynamic case, with damping by means of the Rayleigh functional, has been considered
introducing the damping factors relative to the time derivative of: axial displacement (c w), the
transversal displacement (c u), the rotation of the section (c {theta}) and the concentration of
fluid (c c).
Subsequently it will be possible to consider the case of plasticity and damage whose extension
to the 2D case will be used in the study of the ageing phenomena of dams.
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A Cosserat model of elastic solids reinforced by a family of
curved and twisted fibres

David J. Steigmann ∗ 1, Milad Shirani 1 1 University of California – United States

We outline a Cosserat model for fibre-reinforced solids in which the fibers are modelled as
continuously distributed spatial Kirchhoff rods with intrinsic flexural, torsional and extensional
elasticity. The basic kinematical variables are a deformation field and a rotation field that de-
scribes the local fibre orientation. Constraints on these fields are introduced to account for the
materiality of the fibres with respect to the underlying continuum deformation, with the asso-
ciated Lagrange multipliers interpreted as transverse shear tractions acting on the fibre cross
sections. The theory is illustrated via simple examples involving finite deformation.
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Bio-inspired phononic crystals and elastic metamaterials

M. Miniaci1, A. Bergamini2, N. Kherraz1, F. Bosia3, A. S. Gliozzi3, N. M. Pugno4

1CNRS, Univ. Lille, Centrale Lille, Univ. Polytechnique Hauts-de-France, Junia, UMR 8520
-IEMN, F-59000 Lille, France

E-mail: marco.miniaci@gmail.com
2Empa, Laboratory for Acoustics/Noise Control, Uberlandstrasse 129, 8600, Duubendorf,

Switzerland
2Politecnico di Torino, Department of Applied Science and Technology, Corso Duca degli

Abruzzi 24, 10124, Torino, Italy
4University of Trento, Department of Civil, Environmental and Mechanical Engineering, Via
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Abstract: Phononic crystals and acoustic metamaterials can be considered as composites with
ad-hoc designed architectures made of periodic, quasi-periodic or even randomly disposed
building blocks (unit cells) exhibiting extraordinary dynamic properties, such as frequency-
dependent directionality and band gap (BG) behavior. Since their introduction a few decades
ago, researchers have tried to explore more and more configurations exhibiting low and broad-
band frequency effects without recurring to unpractical increases of the unit cell size or stiffness
decreases [1].
On the other hand, Nature has always represented a formidable source of inspiration to solve
mankind’s scientific challenges and engineering tasks. For instance, it has been shown that a
hierarchical organization over multiple length scales allows enhanced quasi-static mechanical
properties, while the relative orientation of adjacent chiral centers strongly affects the physical
properties of a polymer, to cite a few examples [2]. In this talk, we discuss how bio-inspiration
may be used to enhance the potential of phononic crystals and acoustic metamaterials [3, 4].
Specifically, a comparison of the dynamic behavior of conventional and bio-inspired phononic
crystals / metamaterials is presented through the evaluation of the corresponding dispersion di-
agrams and / or transmission properties.
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Transient waves in 1D oscillating media: second-order
homogenization and interface conditions

Rémi Cornaggia ∗ 1, Bruno Lombard 2, Bojan B. Guzina 3

1 Institut Jean Le Rond d’Alembert – Sorbonne Université, Centre National de la Recherche
Scientifique : UMR7190 – France

2 Laboratoire de Mécanique et d’Acoustique [Marseille] – Aix Marseille Université : UMR7031, Ecole
Centrale de Marseille : UMR7031, Centre National de la Recherche Scientifique : UMR7031 – France

3 Department of Civil, Environmental and Geo-Engineering [Minneapolis] – United States

We consider waves propagating in one-dimensional elastic media, whose properties are pe-
riodically varying and which may be bonded by homogeneous (or other heterogeneous) media.
The goals of the study was to (i) design a model capturing the dispersive effects of the mi-
crostructure and (ii) write adequate boundary and transmission conditions at the interfaces for
other media to finally (iii) present a full model and a stable numerical scheme.
For long wavelengths, the asymptotic homogenization procedure provides a family of effec-
tive models, which can be interpreted as ”strain” or ”stress gradient”-type enrichments of the
classical elastic model. We select one of these models to achieve a better agreement with the
dispersion curve of a given material. Corresponding boundary and interface correctors are then
established in the time-harmonic case. They are finally extended to the transient setting, along
with a reformulation of the enriched wave equation as an hyperbolic system whose stability is
proven. The final model efficiency is illustrated by numerical simulations.
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Effective dynamics for low-amplitude transient elastic waves
in a 1D periodic array of non-linear interfaces

Bruno Lombard ∗ 1, Cédric Bellis , Raphael Assier , Marie Touboul

1 Laboratoire de Mécanique et d’Acoustique [Marseille] (LMA) – Aix Marseille Université :
UMR7031, Ecole Centrale de Marseille : UMR7031, Centre National de la Recherche Scientifique :
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This presentation focuses on the time-domain propagation of elastic waves through a 1D
periodic medium that contains non-linear imperfect interfaces, i.e. ˜interfaces exhibiting a dis-
continuity in displacement and stress governed by a non-linear constitutive relation. The array
considered is generated by a, possibly heterogeneous, cell repeated periodically and bonded by
interfaces that are associated with transmission conditions of non-linear “spring-mass” type.
More precisely, the imperfect interfaces are characterized by a linear dynamics but a non-
linear elasticity law. The latter is not specified at first and only key theoretical assumptions
are required. In this context, we investigate transient waves with both low-amplitude and long-
wavelength, and aim at deriving homogenized models that describe their effective motion. To
do so, the two-scale asymptotic homogenization method is deployed, up to the first-order. To
begin, an effective model is obtained for the leading zeroth-order contribution to the microstruc-
tured wavefield. It amounts to a wave equation with a non-linear constitutive stress-strain re-
lation that is inherited from the behavior of the imperfect interfaces at the microscale. The
next first-order corrector term is then shown to be expressed in terms of a cell function and the
solution of a linear elastic wave equation. Without further hypothesis, the constitutive relation
and the source term of the latter depend non-linearly on the zeroth-order field, as does the cell
function. Combining these zeroth- and first-order models leads to an approximation of both the
macroscopic behavior of the microstructured wavefield and its small-scale fluctuations within
the periodic array. Finally, particularizing for a prototypical non-linear interface law and in the
cases of a homogeneous periodic cell and a bilaminated one, the behavior of the obtained mod-
els are then illustrated on a set of numerical examples and compared with full-field simulations.
Both the influence of the dominant wavelength and of the wavefield amplitude are investigated
numerically, as well as the characteristic features related to non-linear phenomena.
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Antiplane surface waves in the framework of strongly
anisotropic surface elasticity

Victor Eremeyev ∗ 1,2
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We discuss a new model of surface elasticity based on a certain heuristic homogenization of
inhomogeneous microstructured coatings. The motivation of these surface structures is at least
twofold. The first relates to polymeric brushes. These coatings consist of a system long ordered
polymeric chains. At the molecular level the interactions between chain links is described
by Stockmayer potential, which is a generalization of the Lennard-Jones potential considering
dipole-dipole interactions. The interest to modelling of coatings made polymeric brushes relates
to recent developments in superhydrophobic and superoleophobic surfaces used for manufac-
turing of so-called self-cleaning and bactericide coatings. Another example of such coating is
hyperbolic metasurfaces.
First we briefly recall discuss the structure of a coating. Then we present a continuum model
with surface energy density. From the physical point of view this model corresponds to a coat-
ing made of a family of parallel long fibers which possess bending and extensional stiffness
in one preferred direction only. Finally, with the use of the variational Lagrange principle we
derive the equilibrium equations and the corresponding natural boundary conditions. The pre-
sented 2D model can be treated as a highly anisotropic 2D strain gradient elasticity. The surface
strain energy contains both first and second derivatives of the surface field of displacements. So
it represents a class of 2D models of the surface elasticity which is intermediate between the
Gurtin-Murdoch and Steigmann-Ogden ones. Finally, we discuss the propagation of antiplane
surface waves.
Eremeyev, V.A., 2020. Strongly anisotropic surface elasticity and antiplane surface waves.
Philosophical Transactions of the Royal Society A, 378(2162).
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Perfect absorption of flexural waves: complex frequency
plane interpretation and experimental validation

Vicent Romero Garcı́a1, Julien Leng1, Jean-Philippe Groby1, Rubén Picó2, Adrien Pelat1,
François Gautier1

1 Laboratoire d’Acoustique de l’Université du Mans (LAUM), UMR 6613, Institut
d’Acoustique - Graduate School (IA-GS), CNRS, Le Mans Université, France E-mail:
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Abstract: In this work we discuss the possibilities and the limits of perfect absorption of flexu-
ral waves by open lossy resonators. By applying the analysis of the eigenvalues of the scattering
matrix in the complex frequency plane we present the limits of absorption in the reflection and
transmission problems for one- and two-dimensional problems. Analytical models based on
transfer matrix method of multiple scattering theory are used to show obtain the scattering pa-
rameters. For the case of 1D systems, the hypotheses on which the analytical model relies, are
validated by experimental results. The open lossy resonators considered in this work, present
both energy leakage and inherent losses due to the viscoelastic damping. Wave absorption is
found to be limited by the balance between the energy leakage and the inherent losses of the
open lossy resonator. The perfect compensation of these two elements is known as the critical
coupling condition and can be easily tuned by the geometry of the resonator. On the one hand,
the scattering in the reflection problem is represented by the reflection coefficient. A single
symmetry of the resonance is used to obtain the critical coupling condition. Therefore the per-
fect absorption can be obtained in this case. On the other hand, the transmission problem is
represented by two eigenvalues of the scattering matrix, representing the symmetric and anti-
symmetric parts of the full scattering problem. In the geometry analyzed in this work, only one
kind of symmetry can be critically coupled, and therefore, the maximal absorption in the trans-
mission problem is limited to 0.5. The results shown in this work pave the way to the design of
resonators for efficient flexural wave absorption.
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Damped Bloch waves in viscoelastic beam lattice
metamaterials via state-space formulation

Andrea Arena1, Andrea Bacigalupo2, Marco Lepidi2
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2 DICCA - Università di Genova, Italy
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Abstract: Beam lattice materials are characterized by a periodic microstructure which realizes
a geometrically regular pattern of elementary cells. The linear dispersion properties governing
the free propagation of elastic harmonic waves can be studied by formulating parametric dis-
crete models of the cellular microstructure and applying the Floquet-Bloch theory [1]. Within
this framework, controlling the wave propagation by means of energy dissipation mechanisms
is a major issue of theoretical and practical interest. To this end, a general dynamic formulation
is presented for determining the dispersion properties of mechanical metamaterials modeled, in
a two-dimensional space, as locally resonant beam lattices with generic coordination number.
The mechanism of local resonance is realized by tuning periodic auxiliary oscillators viscoelas-
tically coupled with the beam lattice microstructure. The free propagation of the damped waves
of the translational and the rotational motions is described by an enlarged linear homogeneous
system of equations obtained – first – by approximating the kernel of the 3 integral-differential
viscoelastic relationships with a Prony series truncated at the nth term and – second – by adding
3n viscoelastic states whose dynamics are governed by auxiliary first order differential equa-
tions [2]. The complex-valued branches of the dispersion spectrum are determined and paramet-
rically analyzed for a beam lattice characterized by periodic hexagonal cells [3]. The occurrence
of 3n pure-damping spectral components, associated with waveforms strongly polarized in the
added states, is highlighted and discussed. Finally, the forced responses to harmonic mono-
frequent external excitations due to point forces and couples, respectively, are investigated in
the frequency and time domains. The metamaterial responses to non-resonant, resonant and
quasi-resonant external forces and couples, are then compared and discussed from a qualitative
and quantitative point of view.
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Dispersive wave propagation in magneto-electro-elastic
waveguides with periodic microstructure
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2 DICCA, Università degli Studi di Genova, Genova, Italy
E-mail: andrea.mazzino@unige.it, marco.lepidi@unige.it, andrea.bacigalupo@unige.it

Abstract: Magneto-electro-elastic waveguide devices boast a large variety of applications in
many sectors of engineering [1]. Field equations of a magneto-electro-elastic (MEE) waveg-
uide characterized by a periodic microstructure are given and complex variables are introduced
to simplify their expression. In this framework, a MEE layered periodic material is consid-
ered and the propagation of electro-magneto-mechanics waves travelling along the direction
perpendicular to the material layering is investigated. Afterwards, field equations for the MEE
layered material are rewritten in terms of the Bloch amplitudes and the frequency band structure
is retrieved according to the transfer matrix procedure [2] and by imposing the Floquet-Bloch
boundary conditions. Finally, the eigenproblem governing the free progation of bulk waves in
the microstructured periodic material is sort out by exploiting the symplecticity properties of
the transfer matrix and the associated fourth-order palindromic characteristic polynomial. The
proposed approach is tested on illustrative examples where total band gaps in the Floquet-Bloch
spectrum can be observed and the stability, depending on the coefficients of the characteristic
polynomial, is discussed. Finally, the exact dispersion functions are compared with the approx-
imate ones stemming from asymptotic perturbation methods [3].
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Acoustics of permeo-elastic media according to their
morphology
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Abstract: This paper highlights the main acoustic characteristics of permeo-elastic media.
These porous media consist of a rigid porous skeleton on which are fixed highly flexible elastic
films that interact with the fluid saturating the pores [1, 2]. They may correspond, for example,
to foams, with the thin membranes acting as films and the rigid structure being formed by their
thicker struts.

Permeo-elastic media are characterised by the fluid/film interaction at the pore scale which,
compared to conventional porous media, enriches the flow physics with an elastic component.
Consequently, the acoustic characteristics of permeo-elastic media can deviate considerably
from those of conventional porous media due to the interaction of the elastic and kinetic energy
of the films with the viscous and kinetic energy of the fluid, [1, 2].

The theoretical description is established by the two-scale asymptotic homogenization method.
The resulting effective behaviour takes into account membrane and/or bending effects at the
pore scale in the films. It is shown that the film effects depend strongly on whether the pores
or membranes are partially or fully connected. Hence, different wave propagation regimes are
identified according to the nature of the local flow. In details, we successively examine the cases
of permeo-elastic materials with pores that are: :
- Fully connected, i.e. no pores are closed by the films.
- Unconnected, i.e. all pores are closed by films,
- Partially connected, i.e. some pores are closed by the films.

In these different cases, a mapping of the effective behaviour is established as a function of
two characteristic frequencies associated with visco-inertial and visco-elastic effects. It reveals
under which conditions a fluid-film interaction phenomenon appears at the pore scale and signif-
icantly influences the macroscopic acoustic behaviour. In particular, it is shown that, depending
on the morphology, the conductivity or the compressibility (or both) can present singularities at
specific frequencies due to local internal resonance or anti-resonance phenomena. This induces
frequency bands of ”anomalous” effective sound velocity. Finite element calculations and lab-
oratory experiments [1] have confirmed these phenomena.
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One dimensional wave dynamics
in elastically asymmetric media

Vladislav A. Yastrebov
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Abstract: A relatively novel class of architected materials based on specifically designed inter-
nal contacts is developed. Because of the unilateral and discontinuous properties of the contact
interaction, the resulting materials possess a strong and tunable elastic asymmetry [1]. This
asymmetry results in different wave speeds of tensile and compressive components of elastic
waves. The faster component can overtake the slower one resulting in their dissipative annihi-
lation through energy cascades. Efficient absorbing assemblies are presented and analysed nu-
merically. The length of the asymmetric part needed to damp a harmonic signal is determined
analytically and validated numerically. Transmission properties for random self-affine wave-
packets are studied: a universal scaling for the transmission factor variation with the length of
the asymmetric part was established [2, 3].

References
[1] V. P. Maslov, P. P. Mosolov (1985), General theory of the solutions of the equations of

motion of an elastic medium of different moduli, J. Appl. Math. Mech., 49:3,322-336.

[2] V. A. Yastrebov (2021), Wave propagation through an elastically-asymmetric architected
material, preprint is available at arxiv.org/abs/1712.06294.

[3] V. A. Yastrebov (2021), Code, data and scripts to study wave dynamics in asymmetric
material, Zenodo, DOI: 10.5281/zenodo.4461652.
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Elastic wave propagation in non-centrosymmetric and chiral
architectured materials: insights from strain gradient

elasticity
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The study of elastic wave propagation is a fundamental tool in different fields, from non-
destructive damage evaluation (NDE) to ultrasonic imaging. Usually NDE and characterisa-
tion techniques rely on inversion methods based on homogenised theories, that are valid only
when the wavelength of the perturbation is considerably larger than the characteristic size of
the heterogeneities of the materials. When the wavelength approaches this characteristic size,
an upscaling occurs and mesoscopic effects can be transferred to the macro-scale. In this case,
classic models used in the aforementioned inversion procedures can fail to predict the correct
response [1] and they need to be improved [2].
In this work, we address those architectures for which the unit cell does not have any cen-
tre of inversion (non-centrosymmetric) nor symmetry plane (chiral). It will be shown that un-
conventional effects, in terms of dispersion and polarisation, can be observed even for large
wavelengths. We will also show that, in order to describe these materials using an equiva-
lent homogeneous continuum, the use of an enriched or generalised theory, such as the strain
gradient elasticity, is mandatory. Moreover, the analysis of the generalised acoustic (or Christof-
fel) tensor defined in this framework can give a useful insight on the dynamic features of the
architectured material. The delastodynamic behaviour of representative triply periodic cubic
architectured materials will be detailed.
[1] Rosi, G., Auffray, N. and Combescure, C. (2020) On the Failure of Classic Elasticity in
Predicting Elastic Wave Propagation in Gyroid Lattices for Very Long Wavelengths. Symmetry
12, 124 [3]
[2] Rosi, G. and Auffray, N. (2019) Continuum modelling of frequency dependent acoustic
beam focussing and steering in hexagonal lattices. European J Mech - Solids 77, 103803 .
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Waves over a periodic progressive modulation
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Reciprocity is a principle of the if-you-can-hear-me-then-I-can-hear-you category that gov-
erns wave propagation in linear media. Reciprocity is robust as it holds in the presence of inho-
mogeneities or linear losses. However, it fails when the properties of the medium are modulated
in function of time. Here, we report on some aspects of non-reciprocity in time-dependent me-
dia when the modulation is periodic and progressive. Such modulations create a bias whereby
the waves traveling with and against the modulation do not behave in the same fashion. In some
cases, waves will only be able to travel one way. We investigate how this bias manifests itself
in the dispersion diagram as well as in the effective homogeneous behavior for low enough fre-
quencies. We finally comment on some issues involving numerical simulations as well as on a
number of experimental demonstrations.
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Controlling seismic waves with structure geometry and
material properties in large scale metamaterials
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Controlling seismic waves with structure geometry and material properties in large scale
metamaterials is a short overview of the results of a collaboration between mathematicians,
physicists, and civil engineers and an introduction on some different themes like seismic &
acoustic metamaterials, the topological beam splitting & the topological rainbow effect for the
localization of the symmetry protected edge waves, the Zero frequency bands gaps and the In-
ertial amplification.
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Studying the nucleation and propagation of cracks by a
gradient damage method with a novel family of degradation

functions
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The phase-field method or gradient-damage is now widely used in modeling and simulating
cracks in different materials and/or structures. This method turns out to be particularly efficient
for dealing with crack initiation and propagation in complicated situations. The regularization
length involved in this method, which can be interpreted as a material parameter, plays a key
role and must be small enough to reflect the fact that a crack is a sharp discontinuity. In the
works reported in the relevant literature on the phase-field method applied to study crack prob-
lems, the smallness of the regularization length makes that the mesh size of finite elements has
to be also sufficiently small, so that computational costs are very high. In the present work,
we use the phase-field method with a family of degradation functions introduced by Sargado
et al. in the elastic strain energy of elastic brittle materials, and investigate the nucleation and
propagation of cracks in such materials. We show that, owing to this novel family of degra-
dation functions, the mesh size in the area where a crack passes through can be much coarser
and the computational cost can be considerably reduced without changing the path of the crack
as well as the global and local mechanical behaviors. In the case where experimental results
are available for plaster specimens subjected to compressive loadings, the results obtained by
the phase-field method together with the new family of degradation functions are compared and
discussed with respect to those provided by the ones with the classical quadratic degradation
function.
References
[1] J. M. Sargado, E.Keilegavlen, I. Berre, J.M. Nordbottenn, High-accuracy phase-field models
for brittle fracture based on a new family of degradation functions, J. Mech. Phys. Solids, 111
(2018) 458-489.
[2] T.T. Nguyen, J. Yvonnet, Q.Z. Zhu, M. Bornert, C. Chateau, A phase field method to simu-
late crack nucleation and propagation in strongly heterogeneous materials from direct imaging
of their microstructure, Eng. Fract. Mech, 139 (2015) 18-39.
[3] C. Miehe, M. Hofacker, F. Welschinger, A phase field model for rate-independent crack
propagation: robust algorithmic implementation based on operator splits, Comput. Methods
Appl. Mech. Eng, 199 (2010b) 2765-2778.
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Damage mechanics by a phase-field approach in strain
gradient elasticity

Bilen Emek Abali ∗ 1
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Inherent substructure causes a material to deviate from conventional elasticity response.
Such mechanical metamaterials are modeled by generalized mechanics, one possible version
is the strain gradient theory. Especially in damage mechanics, such a generalization is difficult
to acquire. We exploit the action formalism for a formulation in generalized damage mechanics
for metamaterials [1]. The key point is using so-called auxilliary variables in order to involve
the first rate of damage variable into the action formalism. In this way, the presented action
formalism with auxilliary variables generates the weak form necessary for the numerical imple-
mentation. A finite element method based approach is used by means of open-source packages
FEniCS (see [2] for engineering examples). Probably for the first time, three-dimensional sim-
ulations in metamaterials damage mechanics are demonstrated for simple geometries.
[1] Abali, B.E., Klunker, A., Barchiesi, E., Placidi, L.. A novel phase-field approach to brittle
damage mechanics of gradient metamaterials combining action formalism and history variable.
Z Angew Math Mech. 2021;101:e202000289. https://doi.org/10.1002/zamm.202000289
[2] Abali, B.E. Computational Reality. Solving Nonlinear and Coupled Problems in Continuum
Mechanics. Vol. 5 [5] Advanced Structured Materials. Springer Nature, Singapore, 2017. isbn:
978-981-10-2443- [6]
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Low Cycle Fatigue Analysis of Architectured Materials:
Incorporating Theory of Critical Distance with Elastoplastic

Homogenization

Danial Molavitabrizi , Anders Ekberg , Mahmoud Mousavi ∗ 1

1 Uppsala University – Sweden

Computational homogenization is an efficient tool for the analysis of architectured materials.
However, standard effective quantities obtained from homogenization are insufficient for ana-
lyzing phenomena such as fatigue due to localized stress/strain concentrations. To address this
issue, in the context of elastoplastic homogenization, the information of the local plastic strain
in the critical region of the representative volume element is captured using the theory of critical
distance for fatigue-life predictions. This theory provides an efficient method for fatigue analy-
sis, and is introduced here for the fatigue analysis of architectured materials. Fatigue is one of
the challenges in the industrial applications of such materials in presence of cyclic loading. The
method, being generic, has been applied here to 2-D auxetic and 3-D kelvin lattices.
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Failure analysis for the pre-cracked materials based on the
regularized FE solutions of strain gradient elasticity theory
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In this work, we use the feature of the strain gradient elasticity theory (SGET) related to
the regularization of classical singularity problems. We suggest that the structural analysis of
pre-cracked materials can be reduced to failure analysis within SGET by using the appropriate
failure criteria formulated in terms of the Cauchy stresses. These stresses are work-conjugated
to strains, and they have non-singular values in SGET solutions for the problems with cracks
and sharp notches. We confirm our suggestion based on the full-field finite element (FE) sim-
ulations and provide examples of identification of the length scale parameters of SGET for the
known experimental data with pre-cracked brittle and quasi-brittle materials [1]. We show that
SGET solutions allow to capture the size effects for the cracks of different length that are well-
known in fracture mechanics. Previously similar results were obtained only within approximate
analytical and numerical methods [2, 3]. Based on the performed analysis we show that the
identified length scale parameters allow us to predict the failure loads for the experimental sam-
ples with different type of cracks by using the maximum principal Cauchy stress criterion. In
the experiments with a mixed-mode fracture of the quasi-brittle material (PMMA with inclined
cracks), we found that there may arise a transition between the failure determined by the max-
imum principal stress criterion and the criterion related to the second invariant of the Cauchy
stress tensor that can be explained by the change of the stress state triaxiality.
References
[1] Vasiliev V., Lurie S., Solyaev Y. New approach to failure of pre-cracked brittle materials
based on regularized solutions of strain gradient elasticity, Engineering Fracture Mechanics.
2021, submitted.
[2] Askes, H., & Susmel, L. (2015). Understanding cracked materials: is linear elastic fracture
mechanics obsolete?. Fatigue & Fracture of Engineering Materials & Structures, 38(2), 154-
160.
[3] Vasiliev, V. V., Lurie, S. A., & Salov, V. A. (2019). Estimation of the strength of plates
with cracks based on the maximum stress criterion in a scale-dependent generalized theory of
elasticity. Physical Mesomechanics, 22(6), 456-46 [2]
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In the present work we propose to use the pantographic mechanical metamaterials as the cores of 

sandwich structures. We evaluated numerically and experimentally the mechanical performance of 

3d-printed polyamide sandwich beams with such cores. Four variants of sandwich beams are 

considered, which differ in the type of connections between the elements in the lattice structure of 

the core (Fig. 1). We consider the pantographic-type lattices formed by the two families of inclined 

beams placed with small offset and connected by stiff joints (variant 1), by hinges (variant 2) and 

made without joints (variant 3). The fourth type of the core has the standard plane geometry formed 

by the intersected beams lying in the same plane (variant 4). Experimental tests were performed for 

the localized indentation loading according to the three-point bending scheme with small span-to-

thickness ratio. From the experiments we found that the plane geometry of variant 4 has the highest 

rigidity and the highest load bearing capacity in the static tests. However, other three variants of the 

pantographic-type cores (1–3) demonstrate the better performance under the impact loading. The 

impact strength of such structures is in 3.5–5 times higher than those one of variant 4 with almost the 

same mass per unit length. This result is validated by using numerical simulations and explained by 

the decrease of the stress con- centration and the stress state triaxiality and also by the delocalization 

effects that arise in the pantographic-type cores [1]. 

 

     
Figure 1. Variants of connections between the beams in the lattice cores (а) and 3d printed samples 

of sandwich beams (b, c) 
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Homogenized Elastic Model for In-Plane Analysis of Masonry
Walls Retrofitted by Steel Fiber Reinforced Mortar Coating
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Unreinforced Masonry has been one of the most used construction materials worldwide and
is still in use in many parts of Europe. However, it is well known that the low tensile resistance
makes these structures vulnerable to both in plane and out of plane seismic actions. For this
reason, many research studies are devoted to develop and improve retrofitting tech- niques for
enhancing the seismic behavior of masonry buildings. Among these, an innovative retrofitting
technology consists of steel fiber reinforced mortar (SFRM). The literature about this topic
regards mainly experimental tests (see [1-2]). On the contrary, the modelling of SFRM and
of its interaction with masonry structures is rather lacking. In this work, a homogenization
procedure (inspired by [3]) is used to derive simple closed- form expressions for ”equivalent”
linear elastic constants of masonry walls retrofitted by SFRM, solicited in their plane. The
method mainly consists of modeling the behavior of an elementary cell using suitable designed
assemblies of in-parallel springs. Thereafter, an equivalent homogenized orthotropic material
is defined, the elementary cell of which has the same stiffness as the assembly. The stresses
of the masonry and SFRM components are also evaluated analytically once the average stress
acting on the homogeneous medium is deter- mined. The accuracy of the theoretical results
is assessed by means of comparisons with finite element (FE). Finally, static and dynamic FE
analyses are carried out on sample retrofitted masonry walls, with the aim of comparing the
non-homogeneous and homogeneous models. The latter is found to describe both the local and
global behavior of masonry walls to a satisfactory extent.
References
[1] Facconi, L., Minelli, F., Lucchini, S., and Plizzari, G. (2020). Experimental study of solid
and hollow clay brick masonry walls retrofitted by steel fiber reinforced mortar coating. Journal
of Earthquake Engineering, 24(3), 381 40 [2] [2] Lucchini, S. S., Facconi, L., Minelli, F. and
Plizzari, G. (2020). Retrofitting unrein- forced masonry by steelfiber reinforced mortar coating:
uniaxial and diagonal compression tests. Materials and Structures, 53(6), 1 2 [2] [3] Di Nino,
S. and Luongo, A. (2019). A simple homogenized orthotropic model for in-plane analysis of
regular masonry walls. International Journal of Solids and Structures, 167, 156- 169.
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